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ABSTRACT
We investigate roles of magnetic activity in the Galactic bulge region in driving large-scale outflows
of size ∼ 10 kpc. Magnetic buoyancy and breakups of channel flows formed by magnetorotational in-
stability excite Poynting flux by the magnetic tension force. A three-dimensional global numerical sim-
ulation shows that the average luminosity of such Alfve´nic Poynting flux is 1040−1041 erg s−1. We ex-
amine the energy and momentum transfer from the Poynting flux to the gas by solving time-dependent
hydrodynamical simulations with explicitly taking into account low-frequency Alfve´nic waves of period
of 0.5 Myr in a one-dimensional vertical magnetic flux tube. The Alfve´nic waves propagate upward
into the Galactic halo, and they are damped through the propagation along meandering magnetic
field lines. If the turbulence is nearly trans-Alfve´nic, the wave damping is significant, which leads to
the formation of an upward propagating shock wave. At the shock front, the temperature & 5× 106
K, the density ≈ 6 × 10−4 cm−3, and the outflow velocity ≈ 400 − 500 km s−1 at a height ≈ 10
kpc, which reasonably explain the basic physical properties of the thermal component of the Fermi
bubbles.
Subject headings: accretion, accretion disks — Galaxy: bulge — Galaxy: center — magnetohydrody-
namics (MHD) — turbulence – waves
1. INTRODUCTION
Large-scale outflows from the Galactic center (GC
hereafter) region are observed in various wavelengths.
Radio continuum observations identified the North Polar
Spur (NPS hereafter), which extends above the Galac-
tic latitude, b > 60 degrees (Berkhuijsen et al. 1971).
Although it might be interpreted by local supernova
remnants (Berkhuijsen et al. 1971; Egger & Aschenbach
1995), Sofue (1977); Sofue & Handa (1984) claimed that
this spur is linked to the GC. Later, large-scale bipolar
structures were detected by X-ray observations (Snowden
et al. 1997; Sofue 2000), although their origin was still
vague. Bland-Hawthorn & Cohen (2003) finally iden-
tified bipolar structures and winds directly originating
from the GC at the footpoint regions of these large-scale
structures at mid-infrared wavelengths. Based on this
observation, they further evaluated the energetics of the
large-scale Galactic outflows from the GC in a quantita-
tive sense, taking into account angular projection effect
precisely (see Veilleux et al. 2005, for review).
Large-scale “haze” with the size of several kpc is
also detected toward the GC in microwaves by WMAP
(Finkbeiner 2004; Dobler & Finkbeiner 2008) and Planck
(Planck Collaboration et al. 2013). Recently, the Fermi-
LAT detected large-scale bipolar structures from the GC
covering up to b ≈ ±50 degrees or ±10 kpc (Dobler et al.
2010; Su et al. 2010), which are called Fermi bubbles.
Emission mechanisms of the non-thermal γ-rays from the
Fermi bubbles are discussed from hadronic (Crocker &
Aharonian 2011; Fujita et al. 2013) and leptonic (Mertsch
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& Sarkar 2011; Cheng et al. 2015) processes.
The origin of these bipolar structures is still under de-
bate; a proposed mechanism is the past activity of the
super-massive blackhole (SMBH hereafter) at the GC
(Zubovas et al. 2011; Guo & Mathews 2012), which is in-
ferred from X-ray observations (Koyama et al. 1996); an-
other possibility is winds driven by multiple supernovae
as a result of bursty star formation (Crocker 2012; Lacki
2014).
Quantitative properties of the Fermi bubbles have been
known gradually to date. If the γ-rays are from the in-
verse Compton scattering by nonthermal electrons, fol-
lowing the leptonic scenario mentioned above, the mag-
netic field strength is constrained to be B = 5 − 20 µG
from the synchrotron radiation of the same component
of the electrons (Ackermann et al. 2014, see also Carretti
et al. 2013). Kataoka et al. (2013, 2015) derived the tem-
perature of the thermal gas in the bubbles is T ≈ 3.5×106
K from spectral fitting to X-ray observations by Suzaku.
From X-ray emission strengths of ionized oxygens, Miller
& Bregman (2016) estimated T ≈ (4 − 5) × 106 K and
the density n ≈ 1×10−3cm−3 of the thermal component
in the bubbles and the shells covering the bubbles. From
these values, we can estimate the sound speed,
cs =
√
kBT
µmp
= 230km s−1
(
T
4× 106K
)1/2 ( µ
0.6
)−1
,
(1)
and the Alfve´n speed,
vA =
B√
4piµmpn
= 890km s−1
(
B
10µG
)
( n
10−3cm−3
)−1/2 ( µ
0.6
)−1/2
, (2)
where kB is the Boltzmann constant and mp is the proton
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mass; we here assume the mean molecular weight µ = 0.6
as a standard value. From the comparison between Equa-
tions (1) and (2), the magnetic field is expected to affect
the dynamics of the bipolar bubbles. Magnetohydrody-
namical (MHD) simulations have been performed in or-
der to examine roles of magnetic fields in driving bub-
bles/outflows (Barkov & Bosch-Ramon 2014; Mou et al.
2015).
One of the authors of the present paper also worked on
a Global MHD simulation in the Galactic bulge region
(Suzuki et al. 2015) and found that outflows are driven by
the gradient of magneto-turbulent pressure and magnetic
buoyancy (Parker instability; Parker 1966) in a stochas-
tic manner (see also Machida et al. 2009, 2013). Because
the main focus of Suzuki et al. (2015) was the gener-
ation of random velocities in the bulge, the simulation
box covers up to the elevation angle of ±60 degrees from
the Galactic plane and cannot treat large-scale outflows.
In the present paper, we carry our a pilot study how the
Poynting flux generated from the Galactic Bulge heats
up the Galactic halo and drives outflows, following the
energy transfer in a one-dimensional (1D) flux tube by
time-dependent simulations.
Breitschwerdt et al. (1991) introduced a theoretical
framework for the galactic winds driven by the pressure
of thermal gas, cosmic rays, and Alfve´n waves under the
time-steady approximation. This is further extended by
explicitly taking into account specific interaction pro-
cesses between these three components by Zirakashvili
et al. (1996) and Ptuskin et al. (1997); in particular,
they considered the excitation of Alfve´n waves from cos-
mic rays via streaming instability (Wentzel 1968), and
the dissipation of the excited Alfve´n waves by nonlinear
Landau damping (Kulsrud & Pearce 1969; Beresnyak &
Lazarian 2008), which finally heats up the gas. The typ-
ical wavelength of the Alfve´n waves is the gyroradius of
relativistic ions, rg ≈ 3 × 1011cm
(
B
10µG
)−1
γ, where γ
is the Lorentz factor (Kulsrud & Pearce 1969; Everett
et al. 2008). Namely the wavelength is shorter than the
pc scale in general.
In the present paper, while we also consider
Alfve´nic Poynting flux, we present a model that is dif-
ferent from the previous works both in terms of the
source of the Alfve´nic waves and the damping mech-
anism. In particular, we consider the Poynting flux
that is naturally produced by large-scale magnetic ac-
tivity driven for example by magnetic loops and use the
numerical simulations in Suzuki et al. (2015) for our
quantitative studies. The typical wavelength of these
Alfve´nic waves is ∼ 0.1 − 1 kpc. Such long-wavelength
Alfve´nic waves hardly suffer nonlinear Landau damping.
Therefore, we cannot assume instantaneous dissipation
of the Alfve´n waves, which is often adopted (e.g., Ev-
erett et al. 2008). Instead, we explicitly treat the trans-
fer of the Alfve´nic Poynting flux. For the damping of
Alfve´nic waves we use models of turbulent damping of
Alfve´nic waves (Yan & Lazarian 2002; Farmer & Gol-
dreich 2004; Lazarian 2016). In these models MHD tur-
bulence efficiently cascades Alfve´n waves in the MHD
regime, independently of the plasma parameters of the
media, but depending on the level of background turbu-
lence.
It is a key to properly model the damping rate of the
Alfve´nic waves and to calculate both heating and wind
launching by the wave damping in a self-consistent man-
ner. If Alfve´nic waves are damped near the Galactic
bulge where the density is high, the final wind velocity
is considered to be not fast enough to escape from the
Galaxy. This is first because the momentum injection
near the wind base does not launch an outflow, but lifts
up the gas by contributing to the pressure balance, and
second because the energy injection in the high-density
region is mainly lost by radiation cooling and does not
lead to a substantial increase of the temperature. On the
other hand, wave dissipation at high latitudes is expected
to drive the wind and the velocity of the wind depends on
the density where the wave dissipation mainly happens.
In addition, heating in rarefied gas can significantly in-
crease the temperature due both to lower mass to be
heated and lower cooling efficiency.
Our focus is on the thermal component of the bipolar
bubbles and outflows. Here we briefly describe the global
energetics, following Miller & Bregman (2016), in which
each bubble is modeled by a simple prolate ellipsoid with
semi-major axis = 5 kpc and semi-minor axis = 3 kpc.
The total energy in one bubble is
Eth =
kBT
µmp
Mth
= 5.9× 1054erg
(
T
4× 106K
)( µ
0.6
)−1
(
Mth
5.4× 106M
)
, (3)
where Mth is the mass of the thermal component in one
bubble. If we know the duration, τinj, of the energy in-
jection from the bulge, we can estimate the minimum
required energy injection rate to keep Eth:
Linj =
Eth
τinj
= 1.9×1040erg s−1
(
Eth
5.9× 1054erg
)(
τinj
10Myr
)−1
.
(4)
We should note that τinj is very uncertain and the
adopted value in previous works varies from a few 105
Myr (e.g. Guo & Mathews 2012) to & a few 108 Myr
(e.g. Crocker et al. 2015) in different theoretical models,
whereas too long τinj  a few Myr may be unrealistic
(Bland-Hawthorn et al. 2013). Therefore, we leave τinj
as a free parameter in our model calculations (Section
3).
In Section 2, we briefly summarize the global 3D MHD
simulation by Suzuki et al. (2015) and examine the
Poynting flux ejected from the bulge region in the nu-
merical data. In Section 3, we introduce our model to
cover a large vertical region. We present main results in
Section 4 and discuss related topics in Section 5
2. INJECTION OF ALFVE´NIC FLUX FROM THE
GALACTIC BULGE
In this section we briefly describe the global MHD
simulation in Suzuki et al. (2015) and quantify the up-
going Poynting flux derived from the simulation, which
will contribute to the heating and driving outflows in
the Galactic halo region. The simulation was carried
out in spherical coordinates, (r, θ, φ), and covers a wide
radial region from the inner radius at 0.01 kpc to the
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Fig. 1.— Snapshot view of magnetic field lines (white lines) and
density contour (transparent colors) at t = 401.0 Myr after the
simulation (Suzuki et al. 2015) sets in.
outer boundary at 60 kpc. On the other hand, it cov-
ers 30◦ ≤ θ ≤ 150◦ (±60◦ degrees from the Galactic
plane) and does not treat bipolar outflows ejected from
the bulge region.
The simulation started from a very weak vertical mag-
netic field with 0.7 − 20 µG in the bulge region. Mag-
netorotational instability (Velikhov 1959; Chandrasekhar
1961; Balbus & Hawley 1991, MRI hereafter) triggers the
amplification of the magnetic field by creating the ra-
dial component in high-β regions where the gas pressure
dominates the magnetic pressure. At higher altitudes in
which the magnetic pressure is comparable to or exceeds
the gas pressure, Parker instability (Parker 1966) also
amplifies horizontal magnetic field to further create the
vertical component and excites vertical flows. The radial
differential rotation and vertical shear also amplify the
magnetic field efficiently by field-line stretching (see also
Vishniac & Cho 2001; Vishniac & Shapovalov 2014, for
Galactic dynamo).
Figure 1 presents a snapshot of magnetic field lines
and density structure taken from Suzuki et al. (2015)4,
which shows entangled turbulent field lines. When the
quasi-saturated state is achieved after t & 300 Myr, the
average field strength in the bulge region is 0.1 − 1 mG
and it exceeds mG in local regions with field concen-
tration, which are consistent with the lower limit > 50
µG from γ-ray observations (Crocker et al. 2010) and an
estimated value, ≈ a few mG, in a dense cloud (Pillai
et al. 2015) based on the Chandrasekhar & Fermi (1953)
method.
Although Suzuki et al. (2015) discussed outflows from
the bulge region, they did not examine the outgoing
4 Suzuki et al. (2015) made a mistake when converting the nondi-
mensional units used for the simulation to the physical units, and
the time unit must be smaller by ≈ 10%. Suzuki et al. (2015)
presents a snapshot at t = 439.02 Myr, but this time must be
corrected to be t = 401.0 Myr as shown in Figure 1.
Fig. 2.— Alfve´nic luminosity, LA, integrated from Rin(= 0.23
kpc) to Rout(= 1.1 kpc) as a function of z/R. LA averaged during
time = 399.5− 406.9 Myr (solid line) is compared to snapshots at
401.1 Myr (dotted line) and 406.8 Myr (dashed line).
Fig. 3.— Alfve´nic energy flux averaged over time and azimuthal
angle at different R = 0.28 kpc (solid), 0.58 kpc (dashed), and 0.78
kpc (dotted).
4 Suzuki & Lazarian
Poynting flux. In order to connect to the 1D vertical
flux tube we model in Section 3, we analyze the Poynting
flux of the simulation data in the cylindrical coordinates,
(R,φ, z). The vertical (z) component of Poynting flux in
the MHD approximation (see also Equation A2) can be
reduced to
−
[
1
4pi
(v ×B)×B
]
z
=
1
4pi
(
vzB
2
⊥ −Bzv⊥ ·B⊥
)
, (5)
where the subscript ⊥ indicates the two perpendicular
(R and φ) components with respect to the z direction;
the first term corresponds to the Poynting flux carried by
advected magnetic energy and the second term denotes
the Poynting flux by magnetic tension force. If we ex-
amine this second term, we can estimate the net upgoing
energy flux of Alfve´nic perturbations.
In order to compare the energetics argument shown
in Equation (4), we take the areal integration of the
Alfve´nic Poynting flux carried by MHD plasma along the
z direction5,
FA = − 1
4pi
Bzv⊥ ·B⊥, (6)
to derive “Alfve´nic luminosity”,
LA(z/R) =
∫ 2pi
0
dφ
∫ Rout
Rin
RdR [FA]z/R , (7)
where FA is positive (v⊥ ·B⊥ < 0) when flux is directed
to +Bz, and we adopt Rin = 0.23 kpc and Rout = 1.1
kpc to cover the bulge region. We do not take the inner
boundary = 0.01 kpc of the simulation for Rin because
we would like to avoid unphysical effects of the boundary.
For the radial integration, we take Poynting flux at the
same aspect ratio, z/R, instead of the same height, z,
because the simulation, which was carried out in spheri-
cal coordinates, do not have data in the region with large
z at small R.
Figure 2 shows the vertical profile of LA. We note that
the vertical boundaries of the 3D simulation by Suzuki
et al. (2015) are located at z/R = 1.4, and we do not con-
sider the effect of the boundaries is sever in the plotting
region, |z/R| ≤ 1. One may recognize a characteristic
feature in the plot: The direction of LA is toward the
Galactic plane in |z/R| . 0.6; on the contrary it is di-
rected upward (+ for z/R > 0 and − for z/R < 0) in
|z/R| & 0.6. This indicates that Alfve´nic Poynting flux
is injected from the regions at |z/H| ≈ 0.6 toward both
midplane and upper directions. This behavior is already
observed in local shearing box (Suzuki & Inutsuka 2009)
and global (Suzuki & Inutsuka 2014) simulations, and
these regions are called injection regions. While the mag-
netic energy is dominated by the thermal energy (plasma
β  1) below the injection regions (|z/R| . 0.6), the
magnetic energy is comparable to the thermal energy
(β ≈ 1) above the injection regions (z/R| & 0.6). As
a result, large-scale channel-mode flows are developed
by the MRI near the injection regions, and breakups of
these channel flows drive flows and Poynting fluxes to the
lower and upper directions.
5 Here we assume the background is static. A general expression
for the energy flux of Alfve´nic waves can be found in Equation (A5)
in Appendix.
Fig. 4.— Radial dependence of Alfve´nic energy flux multiplied by
R kpc averaged over time, azimuthal angle, and 0.75 < |z/R| < 0.9.
The time-averaged LA during a period of 7.4 Myr (solid
line in Figure 2) reaches ≈ 4×1040erg s−1 at |z/H| ≈ 0.8,
which is comparable to the estimate in Equation (4). LA
at two snapshots (dotted and dashed lines) show that LA
fluctuates with time and sometimes becomes ∼ 1041erg
s−1.
In order to examine spacial fluctuations of
Alfve´nic flux, we plot the energy flux averaged during
7.4 Myr over the full 2pi azimuthal angle,
〈FA〉φ =
∫ 2pi
0
dφFA/2pi, (8)
at different rings, R = 0.28, 0.58, and 0.78 kpc in Figure
3. On the right axis, we show 〈FA〉φ multiplied by the
bulge area pi(R2out − R2in) to give the unit of luminosity,
which can be directly compared to Figure 2. These three
locations give the similar tread with the injection regions
around |z/R| ≈ 0.5− 0.8, which was shown in Figure 2.
On the other hand, the energy flux is larger at inner
locations, and at R = 0.28 kpc 〈FA〉φpi(R2out − R2in) is
nearly 4 × 1041erg s−1, which is ≈ 10 times larger than
the time-averaged LA in Figure 2.
Figure 4 presents the radial dependence of
Alfve´nic Poynting flux. We take the average in a
region of 0.75 < |z/R| < 0.9, which is located above
the injection region and show 〈FA〉φR erg cm−2s−1kpc
to see the contribution to luminosity, Equation (7).
This plot shows that the Alfve´nic Poynting flux equally
contributes to the luminosity in most of the bulge region,
Rin < R < Rout except for a few regions (R ≈ 0.25 and
0.5 kpc) that temporally give negative FA.
3. MODEL FOR ALFVE´NIC WAVE-DRIVEN
OUTFLOWS
We consider the generation of outflows driven by low-
frequency Alfve´nic waves in a 1D flux tube that extends
to the vertical direction, z. We assume the cross section
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Fig. 5.— Vertical profile of Bz .
of the flux tube expands with z in the following manner
(Kopp & Holzer 1976; Breitschwerdt et al. 1991; Everett
et al. 2008):
A = Amid
[
1 +
(
z
zbreak
)2]
, (9)
where A = Amid at the Galactic midplane, z = 0. In
this functional form the cross section is almost constant
in z < zbreak, and after that it expands with ∝ z2 in a
spherical manner at a large distance, z > zbreak in the
Galactic halo.
We consider a 1D magnetic flux tube located at R =
R0 = 0.3 kpc, which is slightly offset from the GC,
whereas the choice of R0 does not affect our results unless
we choose a large R0 > 1 kpc. The magnetic flux tube,
which is fixed with time, is set up to follow Equation (9).
The conservation of magnetic flux, ∇ ·B = 0 gives
Bz = BmidAmid/A, (10)
We assume Bmid = 200 µG at z = 0 and zbreak = 1.5 kpc.
These choices give the profile of Bz as shown in Figure 5,
which is consistent with the observationally constrained
magnetic field strength, 5-20 µG, in the Fermi bubbles
(Ackermann et al. 2014).
We follow the time evolution of mass density, ρ, ver-
tical velocity, vz, and internal energy of gas, eg, in this
geometry of flux tubes by our 2nd order Godunov method
(Sano et al. 1999). The equation of mass conservation in
the Lagrangian form is
dρ
dt
+
ρ
A
∂
∂z
(Avz) = 0. (11)
The momentum equation is
ρ
dvz
dt
= − ∂
∂z
(pg + pA)− ρ∂Φ
∂z
= 0, (12)
where pg is gas pressure, pA is pressure of Alfve´nic waves,
which is modeled below, and Φ is a gravitational poten-
tial. The internal energy of gas is related to gas pressure
and temperature via
eg =
1
γ − 1
pg
ρ
=
1
γ − 1
kBT
µmp
, (13)
where the ratio of specific heats is assumed to be γ = 5/3.
The energy equation that determines eg is
ρ
deg
dt
+
pg
A
∂
∂z
(Avz) = HA (14)
where HA indicates the heating by the dissipation of
Alfve´nic waves, which is modeled below. In Equation
(14), we do not take into account radiative cooling, be-
cause its contribution is not substantial (Everett et al.
2008).
We handle the propagation and dissipation of
Alfve´nic waves by the WKB approximation (Belcher
1971; Alazraki & Couturier 1971; Lamers & Cassinelli
1999); instead of directly solving MHD wave equations,
we follow the variation of wave amplitude as a function of
t and z. The amplitudes of velocity and magnetic fields
of Alfve´nic perturbations are related via
v⊥ = − B⊥√
4piρ
. (15)
Based on this relation, we define energy per mass, eA:
eA ≡ 1
2
v2⊥ +
B2⊥
8piρ
= v2⊥ =
B2⊥
4piρ
. (16)
We consider Alfve´nic waves in a frequency range from ω0
to ω1,
eA =
∫ ω1
ω0
dωe˜A(ω)dω =
∫ ω1
ω0
dωe˜A(ω0)f(ω/ω0)dω,
(17)
where we assume a power-law-dependence on frequency,
ω,
f(ω/ω0) =
(
ω
ω0
)−α
. (18)
We do not assume a wide-band spectrum but a rather
narrow-band spectrum within a range of an order of mag-
nitude between ω0 and ω1, which is expected from mag-
netic activity with the characteristic timescale ∼ 0.1− 1
Myr (see below for the specific choices of ω0, ω1, and α).
Assuming Alfve´nic waves that propagate along the
+Bz direction and the wavelengths are shorter than a
typical scale, e.g. a pressure scale height or a variation
scale of Alfve´n speed, of the background physical prop-
erties, we can derive an equation that describes the vari-
ation of e˜A (see Appendix for the detailed derivation):
ρ
de˜A
dt
+
1
A
∂
∂z
[
Aρe˜A
(
vA +
1
2
vz
)]
− vz
2
∂
∂z
(ρe˜A) = −γAρe˜A,
(19)
where vA = Bz/
√
4piρ, γA is the damping rate of
Alfve´nic waves, and we neglect nonlinear interactions be-
tween different waves and assume that waves with differ-
ent frequencies evolve independently. In this case, we
can derive an equation that describes the evolution of
the spectral index (see Appendix):
dα
dt
+ vA
∂α
∂z
=
γA(ω)− γA(ω0)
ln(ω/ω0)
. (20)
For the wave component, we solve Equation (19) for ω =
ω0 and Equation (20), and then, we can derive the energy
density, eA, integrated over ω from Equation (17). The
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heating rate by the dissipation of Alfve´nic waves (Equa-
tion 14) can be derived from the frequency-integrated
damping rate,
HA = 〈γAρeA〉 =
∫ ω1
ω0
dωγA(ω)ρe˜A(ω). (21)
The gravitational potential, Φ, in Equation (12) con-
sists of four components,
Φ =
4∑
i=1
Φi, (22)
where each component corresponds to the SMBH at the
Galactic center (i = 1), the bulge (i = 2), the disk (i =
3), and the dark halo (i = 4). For the SMBH, we adopt
a point-mass, M1 = 4.4 × 106M, at the GC (Genzel
et al. 2010), where M is the solar mass. For the bulge
and disk components, we use a gravitational potential
introduced by Miyamoto & Nagai (1975):
Φi=2,3(R, z) =
−GMi√
R2 + (ai +
√
b2i + z
2)2
, (23)
where M2 = 2.05 × 1010M, a2 = 0, b2 = 0.495 kpc,
M3 = 25.47 × 1010M, a3 = 7.258 kpc, and b3 = 0.52
kpc. For the dark halo, we adopt the NFW density profile
(Navarro et al. 1996), which gives the following form of
the gravitational potential (e.g., Kuzio de Naray et al.
2009),
Φ4 = −4piGρh,0r3h
1 + r/rh
r
, (24)
where r =
√
R2 + z2 is the spherical radius, and we as-
sume rh = 10.7 kpc and ρh,0 = 1.82 × 10−2Mpc−3
(Sofue 2015).
Alfve´nic perturbations injected by the magnetic activ-
ity in the Galactic bulge region travel upward into the
Galactic halo. We focus on low-frequency Alfve´nic waves
with the typical wavelength 0.1 − 1 kpc. Such long-
wavelength waves are not subject to nonlinear Landau
damping, which is effective for waves with the wave-
length of an order of the gyration scale (Kulsrud &
Pearce 1969; Beresnyak & Lazarian 2008, see also Sec-
tion 1). We also restrict our focus on linear Alfve´n waves,
of which the amplitude is significantly smaller than the
local Alfve´n speed. Such linear waves in the MHD
regime do not suffer dissipation in homogeneous media.
However, if the background magnetic medium is turbu-
lent, Alfve´n waves are damped because of the mean-
dering magnetic field (Lazarian 2016). Indeed, various
sources of turbulence in the Fermi bubbles have been
proposed, such as Kelvin-Helmholtz, Rayleigh-Taylor,
or Richtmyer-Meshkov instabilities behind shock fronts
(Guo & Mathews 2012; Inoue 2012; Sasaki et al. 2015),
and infalling stars and gas clouds to the central SMBH
(Cheng et al. 2015).
We consider MHD turbulence injected from large-scale
sources with size ∼ 1 kpc. The linear damping rate of
Alfve´n waves can be found in Lazarian (2016):
γA =
vAM
4/3
A sin
2/3 θ
L1/3λ2/3
≈ vAM
2
A
L1/3λ2/3
=
vAM
2
Aω
2/3
L1/3(vA + vz)2/3
,
(25)
where L is an injection scale of turbulence,
λ = (vA + vz)τw = (vA + vz)
(
2pi
ω
)
(26)
is the wavelength of propagating waves, MA is the Mach
number of turbulence, and θ is the angle between the
direction of the wave propagation and the background
magnetic field. We focus on the Alfve´n waves that prop-
agate in parallel with the average direction of the back-
ground field; in this case the angle θ can be approximated
by the meandering angle of magnetic field lines,
sin θ ≈ δB/Bz = MA, (27)
where δB is the amplitude of magnetic turbulence. When
deriving the final approximate expression of Equation
(25), we used Equation (27).
We consider large-scale sources for the turbulence as
discussed above, and assume L = 1 kpc in this pa-
per. Wave sources are various magnetic activities in
the bulge regions, such as breakups of channel flows,
buoyantly rising magnetic loops (Fukui et al. 2006; Torii
et al. 2010b,a), and spring-like helical magnetic struc-
ture (Enokiya et al. 2014). For rough estimates, let
us consider magnetic structure with field strength of
B ∼ 300 µG and a size of lB ∼ 0.1 kpc, which generates
Alfve´nic Poynting flux. Then, we get a characteristic
period,
τw∼ lB/vA
≈0.3 Myr
(
lB
0.1 kpc
)(
B
300 µG
)−1 ( n
10 cm−3
)1/2
.(28)
Following the above estimate, we consider waves in a
range between τw,1 = 0.1 Myr and τw,0 = 1 Myr, and
inject Alfve´nic waves in ω0 < ω < ω1 with a power-
law index, α = 1, where ω0 = 2pi/τw,0 and ω1 = 2pi/τw,1.
Note that α = 1 indicates that waves with different ω are
equally injected in logarithmic spacing, d logω. We leave
the uncertainty of the wave damping to MA; choosing a
smaller L is practically the same as setting a larger MA.
We analyze the effect of the wave damping by changing
MA.
For later analyses, we would like to estimate a typical
wavelength:
λ ∼ vAτw ≈ 0.3 kpc
( vA
1000 km s−1
)( τw
0.3 Myr
)
, (29)
where we neglect vz in Equation (26) and adopt a stan-
dard value for the Alfve´n speed in the halo region.
The calculation region covers from the bottom bound-
ary at z = 0.5 kpc to the top boundary = 23 kpc. Ini-
tially we set up the hydrostatic equilibrium with a con-
stant temperature, Thalo = 2 × 106 K, in the Galactic
halo (Miller & Bregman 2016). At the bottom bound-
ary at z = 0.5 kpc, we set the particle number density
n = 4.5× 10−1 cm−3, which corresponds to the electron
number density ≈ 2.4 × 10−1 cm−3 for µ = 0.6. The
hydrostatic density structure gives n = 1.9 × 10−4cm−3
at z = 10 kpc. We note that the density shown in Fig-
ure 1 is n ≈ 10 cm−3 at z = 0.5 kpc, which is larger
than the density adopted at the bottom boundary of the
present setup. This is because of the difference of the
adopted temperatures. In the 3D simulation of Figure
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Fig. 6.— Time evolution of vertical distributions of physical quantities for the case with turbulent Mach number MA = 0.5 and
injection time τinj = 2 Myr. Dotted, dashed, solid, and dot-dashed lines indicate t = 0, 5, 10, and 15 Myr, respectively. Top
Left: Temperature, T (K). Middle Left: Vertical velocity, vz (km s−1). Bottom Left Particle number density, n (cm−3). Top Right:
Alfve´nic luminosity, LA (erg s−1), described by Equation (31). Middle Right: Nonlinearity of the Alfve´nic perturbations, v⊥/vA.
Bottom Right: Spectral index, α, of the Alfve´nic perturbations. Movie is also available as a supplementary file and at http://ea.c.u-
tokyo.ac.jp/astro/Members/stakeru/research/movie/index.html.
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Fig. 7.— Comparison of vertical velocity, vz , (solid),
Alfve´n speed, vA, (dotted), and sound speed, cs, (dashed) at t = 15
Myr.
Injection Type τinj (Myr) eA,0 (erg g
−1) v⊥,0 (km s−1)
Continuous 20 3.3× 1013 57
Temporal 2 3.3× 1014 180
TABLE 1
Parameters for the injected wave energy. v⊥,0 is derived
from eA,0 by Equation (16).
1, the temperature is assumed to be locally isothermal
with (2 − 5) × 105K in the bulge region, which reflects
the velocity dispersion of gas clouds. This temperature
is lower than the temperature at the bottom boundary
of the present model, and therefore, we adopt the lower
density to give similar gas pressure (∝ nT ).
We inject Alfve´nic perturbations by giving non-zero
eA,0 from the bottom boundary, while the other vari-
ables, T , vz, and n, are fixed at the bottom boundary.
At the outer boundary, we prescribe the outgoing con-
dition by using equations for characteristics (Suzuki &
Inutsuka 2005, 2006). We update ρ, vz, T (or eg), and
eA by solving Equations (11) – (14) and Equation (19)
during τsim = 20 Myr. We test two types of the energy
injection: One is a continuous injection, in which eA,0 is
constant throughout τsim. The other is a temporal in-
jection, in which we input eA,0 6= 0 during the initial
t < τinj and switch off eA,0 at t = τinj to keep eA,0 = 0
during τinj < t < τsim. The total injected energy is de-
termined from the time-integrated LA given by the 3D
MHD simulation introduced in Section 2,
ρvAeA,0pi(R
2
out −R2in)τinj = LAτsim, (30)
where we adopt LA = 4.3×1040erg s−1 (Figure 2). Table
1 summarizes eA,0 that satisfies Equation (30). Here, the
velocity amplitude, v⊥,0, is derived from Equation (16).
4. RESULTS
Figures 6 presents how an outflow is driven by the in-
jected Alfve´nic Poynting flux in the case with MA = 0.5
and τinj = 2 Myr. We show the evolution of physical
quantities of the gas in the left panels and physical prop-
erties of the Alfve´nic waves in the right panels. The top
right panel shows the quantity,
LA ≡ SAApi(R2out −R2in), (31)
in units of luminosity (erg s−1) for the comparison to
Figures 2 & 3 in Section 2, where
SA = ρeA
(vA + vz)
2
vA
(32)
is an adiabatic constant called wave action (Jacques
1977, see also Equation A10 in Appendix). We call LA
“wave action luminosity” in this paper.
LA decreases rapidly with z, and the nonlinearity,
v⊥/vA, (middle right panel) is kept . 0.2, which jus-
tifies the linear damping process adopted here as a dom-
inant mechanism. Because of the rapid damping of the
Poynting flux, the gas is effectively heated up (top left
panel). One can clearly see the formation of a shock front
that moves upward. The temperature at the shock front
reaches T = 8 × 106 K at t = 5 Myr and T = 6 × 106
k at t = 10 Myr. Accordingly, the gas is accelerated to
vz = 400 − 500 km s−1 (middle left panel). The shock
heating also contributes to the mass loading to the up-
per layer, and the density increases to n ≈ (6−7)×10−4
cm−3 at z = 10 kpc when the shock front passes there at
t = 13.5 Myr. These physical quantities are consistent
with observationally derived values, T = (4 − 5) × 106
K and n ≈ 10−3cm−3 introduced in Section 1 (Miller &
Bregman 2016).
Comparing the top right panel to the left three pan-
els in Figure 6, we may find that the front of the
Alfve´nic wave travels faster than the shock front because
the Alfve´n speed is higher than the sound speed, which
is shown in Figure 7. On the other hand, we cannot
find any signature in the hydrodynamical quantities, T ,
vz, and n, at the front of the Alfve´nic wave. In this
case with MA = 0.5, the Poynting flux is damped at a
lower altitude. Therefore, they cannot significantly con-
tribute to the acceleration by the magnetic pressure with
Alfve´nic perturbations (Equation 12) at a higher altitude
& 5 kpc, but simply heats up the gas by the dissipation
of the Poynting flux below z < 5 kpc.
The bottom right panel of Figure 6 shows that the
spectral index, α, increases as the Alfve´nic waves prop-
agate. This is because waves with higher ω are damped
more rapidly (see Equation 25)
Figure 7 shows that the outflow is supersonic (vz > cs)
but slightly sub-Alfve´nic even at the shock front. How-
ever, vz exceeds the local escape velocity ∼ 100 km s−1
at z ≈ 10 kpc, and therefore, this outflow will not return
back but further streams outward and escapes from the
gravity of the Galaxy.
The Alfve´n velocity, vA(∝ Bz/
√
n), increases rapidly
in z < 2 kpc owing to the rapid drop of the density,
n, there (see Figure 6). However, it gradually decreases
because the effect of the decrease of Bz by the expansion
of the magnetic flux tube (Equations 9 & 10) surpasses
the effect of the decrease of n. The mass supply from
the lower region additionally slows down the decrease
of n with z. The profile of vA is qualitatively similar to
that obtained in the solar atmosphere (e.g., Verdini et al.
2012); the Alfve´n velocity increases with height in the
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Fig. 8.— Comparison of cases with different τinj = 2 Myr (solid) and 20 Myr (dashed) for MA = 0.5 at t = 15 Myr. The six panels are
the same as in Figure 6.
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Fig. 9.— Comparison of cases with different MA = 0 (dotted), 0.3 (dashed), 0.5 (solid), and 0.7 (dot-dashed) for τinj = 2 Myr at t = 10
Myr. The six panels are the same as in Figure 6.
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corona because of the decrease of the density; however, it
gradually decreases with height in the solar wind because
the decrease of the density becomes gradual by the mass
supply from the solar wind in addition to the decrease of
the magnetic field strength.
We should note that the detailed profile of vA in Figure
7 depends on the properties of the magnetic flux tube.
If we adopt smaller Bmid and/or smaller zbreak, Bz and
vA at higher altitudes are reduced. In this case, the loca-
tion of the wave dissipation is shifted to a lower altitude,
namely it is equivalent to enhanced wave damping. In
other words, a different choice of the magnetic flux tube
is effectively replaced by a different choice of MA that
controls wave dissipation in our formulation. Therefore,
we fix the parameters of the magnetic flux tube and focus
on the dependence on MA below.
Figure 8 compares two cases with different τinj for a
fixed MA = 0.5. Since the total energies injected from
the lower boundary are the same in the two cases, the
input energy flux is smaller for the case with the longer
injection, τinj = 20 Myr. This case also shows the forma-
tion of a shock wave, although its amplitude is smaller
than in the temporal injection case (τinj = 2 Myr). The
peak temperature and velocity are also lower for longer
τinj.
Figure 9 compares cases with different MA, which di-
rectly controls the damping rate of the Poynting flux
(Equation 25), for a fixed τinj = 2 Myr. In the no damp-
ing case (MA = 0) the Poynting flux does not contribute
to the heating but transfer the only momentum to the
gas; the heating of the gas is possible only by adiabatic
compression. Hence, the temperature does not increase
so much. On the other hand, the gas is accelerated
mainly by the magnetic pressure to > 500 km s−1
The outflow structure of the case with MA = 0.3 shows
intermediate properties between the case with MA = 0.5
and the case MA = 0; both energy (heating) and mo-
mentum (acceleration) transfers from the Poynting flux
to the gas are important. Comparison of the middle-left
(vz) panel to the right panels shows that the outflow is
first led by the front of the injected Alfve´nic flux. This
illustrates that the initial upflow is driven directly by
the magnetic pressure, which was not seen in the fast
damping cases with MA = 0.5 and 0.7. One can see that
the initial vz peak is followed by the second peak, which
corresponds to the shock front seen in the fast damping
cases, pushed by the gas pressure and travels with speed
of ∼ cs. Therefore, we can understand that the initial
front is created by the direct momentum transfer from
the Poynting flux and the second peak is formed as a
result of the heating by the wave dissipation.
The case with MA = 0.3 also shows that the gas
is heated up to T = (6 − 7) × 106 K, which is com-
parable to the temperatures obtained in the case with
MA = 0.5. However, the density is not so high as that
for MA = 0.5, because the heating near the footpoint is
weaker and sufficient mass loading is not achieved. The
middle right panel shows that the nonlinearity is kept
≈ 0.5 even though the wave action luminosity decreases
because of the wave damping. This is mainly because the
Alfve´n speed decreases by the expansion of the flux tube.
In such circumstances, nonlinear damping processes (see
Subsection 5.1) would efficiently work to suppress the
nonlinearity. Therefore, in realistic situations, the wave
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Fig. 10.— Dependence of the maximum temperature (top),
vertical velocity (middle), and density (bottom) at z = 10 kpc on
MA. Note that MA determines the damping rate of the Poynting
flux. Red solid and black dashed lines correspond to the cases
for the temporal injection (τinj = 2 Myr) and the cases for the
continuous injection (τinj = 20 Myr), respectively.
dissipation would be enhanced to further heat up the gas.
Figure 10 presents the maximum temperature, the
maximum vertical velocity, and the maximum density
measured at z = 10 kpc for cases with different MA. The
top panel shows that the initial temperature (= 2× 106
K) is kept for the no dissipation cases, MA = 0. The
maximum temperature ≈ 7× 106 K for τinj = 2 Myr and
≈ 5×106 K for τinj = 20 Myr is obtained for moderately
small dissipation, MA ≈ 0.3. This is because the heating
is kept up to higher locations z & 10 kpc on account of
the moderately slow dissipation of the Poynting flux.
The middle panel shows that the temporal injection
(τinj = 2 Myr) cases give faster vz ≈ 300 − 400 km s−1
than the continuous injection (τinj = 20 Myr) cases as
expected. The temporal cases shows a bimodal tread
with two maximums of vz at MA = 0 and 0.4-0.5. The
first peak at MA = 0 is from the outflow directly driven
by the magnetic pressure of the Alfve´nic Poynting flux,
while the second peak at MA = 0.4 − 0.5 is from the
outflow driven by the gas pressure (Figure 9).
The bottom panel shows a single maximum for n at
MA ≈ 0.5 − 0.6 in both cases with τinj = 2 and 20
Myr. This is qualitatively similar to the temperature
(top panel), but the peak location is shifted to larger
MA, because sufficient heating by the wave dissipation
near the footpoint is necessary to drive dense outflows
(e.g., Lamers & Cassinelli 1999).
5. DISCUSSION
We have studied how outflows are driven by long-
wavelength Alfve´nic waves from magnetic activity in the
bulge. In this section we discuss limitations regarding ap-
proximations we have assumed when handling the prop-
agation and dissipation of the Alfve´nic Poynting flux.
5.1. Nonlinear Effects
We considered turbulent damping for the main dissi-
pation channel of the Alfve´nic waves. This mechanism
is essentially a linear process, and therefore it is domi-
nant for waves for v⊥/vA  1. Figure 9 shows that this
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condition is satisfied for the cases with moderately large
dissipation, MA ≥ 0.5. However, this is not the case for
MA ≤ 0.3 because the amplitude becomes v⊥/vA & 0.5
so that the Alfve´n waves are nearly nonlinear. For these
waves, nonlinear damping processes probably operate to
enhance the dissipation.
For example, direct steepening of wave fronts occurs
effectively. As a result, Alfve´nic waves steepen to fast
MHD shock trains and finally dissipate (Suzuki 2004).
These are small-scale fast MHD shocklets and different
from the large-scale hydrodynamical shock wave excited
by the initial dissipation of the injected Alfve´nic Poynt-
ing flux presented in Section 4 and Figures 6 & 9. How-
ever, they are also expected to contribute to the heat-
ing and driving hot outflows. In addition, longitudi-
nal slow MHD waves are also excited by the fluctuating
magnetic pressure of the Alfve´nic waves (Matsumoto &
Suzuki 2012, 2014; Miyamoto et al. 2014). These small-
scale slow MHD (≈ acoustic) shocklets further contribute
to the heating. This nonlinear mode conversion mecha-
nism is also important in terms of the generation of den-
sity perturbation, which plays a role in the reflection of
Alfve´nic waves (Suzuki & Inutsuka 2006) as shown be-
low.
Nonlinear interactions between different waves will be
also efficient. In particular, the interaction between
counter-propagating Alfve´n waves as a result of reflection
(see Section 5.2) excites MHD turbulence (e.g., Goldreich
& Sridhar 1995; Cho & Lazarian 2003), which increases
MA. Although we have assumed that the Alfve´n waves
propagate in the turbulent media with a constant MA,
this argument shows that in reality propagating waves
probably affect properties of the turbulence. Therefore,
the wave amplitude and MA of the background turbu-
lence are regulated each other, which is to be pursued in
future works.
5.2. Reflection
We treated the propagation of the Alfve´nic waves, in-
stead of directly solving wave equations, by updating en-
ergy eA and the spectral index α with time under the
WKB approximation, which is satisfied under the condi-
tion that the wavelength is sufficiently smaller than the
variation scale of the Alfve´n speed. By this treatment,
we could avoid numerical diffusion that particularly af-
fects propagation of high-frequency (short-wavelength)
waves. On the other hand, unless this condition is sat-
isfied, Alfve´n waves are reflected by the change of the
wave shape (Suzuki & Inutsuka 2006; Shoda & Yokoyama
2016). We adopted the wide-band spectrum (Equation
17). The lower frequency boundary, ω0 = 1/1 Myr cor-
responds to the longest wavelength we consider, which
is an order of 1 kpc (Equation 29). The typical varia-
tion scale of vA is comparable to 1 kpc in z . 2 kpc,
and moderately larger than 1 kpc in z & 1 kpc (Figure
7). Therefore, the Alfve´n waves near ω = ω0 are ex-
pected to be subject to reflection at a low altitude. The
reflected waves eventually interact with pre-existing up-
going waves to excite Alfve´nic turbulence as discussed in
Section 5.1.
5.3. Other Sources
Although in this paper we only investigated the role
of low-frequency Alfve´nic Poynting flux with the period
of 0.1 – 1 Myr, cosmic rays are believed to be a reli-
able candidate to drive large-scale outflows (Breitschw-
erdt et al. 1991; Everett et al. 2008); the effective pressure
of the cosmic rays pushes the halo gas upward, and high-
frequency Alfve´n waves are excited via the streaming in-
stability from the cosmic rays (Wentzel 1968). These
waves are eventually damped by both nonlinear Landau
process (Kulsrud & Pearce 1969; Beresnyak & Lazarian
2008) and MHD turbulence (Lazarian 2016), which plays
a role in the heating of the gas.
These consecutive processes additionally contribute to
accelerating and heating up the halo gas. In this sense,
the results shown in the present paper give a lower bound
for the temperature and velocity of the outflows.
6. SUMMARY & CONCLUSION
We studied roles of low-frequency Alfve´nic waves with
period of 0.1 – 1 Myr excited by magnetic activity, such
as buoyantly rising magnetic loops and breakups of chan-
nel flows, in the Galactic bulge in driving large-scale out-
flows. We inspected the global 3D MHD simulation by
Suzuki et al. (2015) and found that the time-averaged
Alfve´nic luminosity is 1040 − 1041erg s−1. We input this
level of the Alfve´nic Poynting flux from the footpoint
of a magnetic flux tube that expands into the Galactic
halo. We performed time-dependent hydrodynamic sim-
ulations with taking into account the propagation and
dissipation of Alfve´nic waves. We considered a linear
dissipation mechanism of the Alfve´nic waves in turbu-
lent media developed by Yan & Lazarian (2002); Farmer
& Goldreich (2004); Lazarian (2016).
Our model has essentially two parameters, the turbu-
lent Mach number, MA, that controls the dissipation of
the Alfve´nic waves, and the duration of the energy in-
jection, τinj. Our calculation shows that the basic ther-
mal properties of the Fermi bubbles are well explained
by cases with nearly transonic turbulence, MA ≈ 0.5,
and an temporal injection, τinj = 2 Myr. This result
shows that the magnetic activity in the Galactic bulge
can potentially give a significant contribution to driving
the Fermi-bubbles and large-scale outflows, although our
treatment for the Alfve´nic Poynting flux, which is a sim-
plified one, need further elaboration in future studies.
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APPENDIX
DERIVATION OF WAVE ENERGY EQUATION AND WAVE ACTION
A general MHD expression of the total energy conservation is
∂
∂t
[
ρ
(
v2
2
+ eg + Φ
)
+
B2
8pi
]
+∇ ·
[
ρv
(
v2
2
+ eg + pg + Φ
)
− 1
4pi
(v ×B)×B
]
= 0. (A1)
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Assuming 1D approximation along s coordinate (s = z in our calculations), Equation (A1) is rewritten as
∂
∂t
[
ρ
(
v2s
2
+ eg + Φ
)
+
B2s
8pi
+
1
2
ρv2⊥ +
B2⊥
8pi
]
+
1
A
∂
∂s
[
Aρvs
(
v2s
2
+ eg +
pg
ρ
+ Φ
)
+A
(
ρvs
v2⊥
2
+
1
4pi
vsB
2
⊥ −
1
4pi
Bsv⊥ ·B⊥
)]
= 0, (A2)
where the subscript ⊥ indicates the two perpendicular components with respect to the s direction, and A is the
cross section of a flux tube. If we consider Alfve´nic perturbations that propagate along the +s(//Bs) direction, the
amplitudes of velocity and magnetic fields are related via
v⊥ = −B⊥
4pi
. (A3)
Based on this relation, we define energy per mass, eA, and energy flux, FA, of Alfve´nic perturbations:
eA ≡ 1
2
v2⊥ +
B2⊥
8piρ
= v2⊥ =
B2⊥
4piρ
, (A4)
and
FA =
1
2
ρvsv
2
⊥ +
1
4pi
vsB
2
⊥ −
1
4pi
Bsv⊥ ·B⊥ = ρeA
(
3
2
vs + vA
)
, (A5)
where vA = Bs/
√
4piρ. Using eA, Equation (A2) is further rewritten as
∂
∂t
[
ρ
(
v2s
2
+ eg + Φ
)
+
B2s
8pi
+ ρeA
]
+
1
A
∂
∂s
[
Aρvs
(
v2s
2
+ eg +
pg
ρ
+ Φ
)
+AρeA
(
vA +
3
2
vs
)]
= 0. (A6)
Then, we can divide Equation (A2) into the Alfve´nic part (Suzuki & Nagataki 2005; Suzuki et al. 2008),
∂
∂t
(ρeA) +
1
A
∂
∂s
[
AρeA
(
vA +
3
2
vs
)]
− vs ∂pA
∂s
= −γAρeA (A7)
and the hydrodynamic part,
∂
∂t
[
ρ
(
v2s
2
+ eg + Φ
)]
+
1
A
∂
∂s
[
Aρvs
(
v2s
2
+ eg +
pg
ρ
+ Φ
)]
+ vs
∂pA
∂s
= γAρeA, (A8)
where pA =
B2⊥
8pi =
1
2ρeA is the magnetic pressure associated with Alfve´nic perturbations. When deriving Equation
(A8), we use that Bs is constant with time in the 1D approximation. Equations (A7) and (A8) show that both compo-
nents are connected by the momentum exchange through magnetic pressure (vs
∂pA
∂s ) and the heating by the dissipation
of Alfve´nic perturbations (γAρeA). Readers may recognize that Equation (A7) is the first law of thermodynamics for
Alfve´nic perturbations; the energy density, ρeA, changes by the difference between the incoming and outgoing energy
fluxes (2nd term on the left-hand side.), the work done on gas (3rd term on the left-hand side.) and dissipation (the
right-hand side). Transforming the Eulerian form of Equation (A7) to the Lagrangian form, we get Equation (19),
which we are solving in our calculations:
ρ
deA
dt
+
∂
∂s
[
AρeA
(
vA +
1
2
vs
)]
− vs ∂pA
∂s
= −γAρeA (A9)
The second and third terms on the right-hand side of Equation (A7) can be combined to give (Jacques 1977)
∂
∂t
(ρeA) +
vA
vA + vs
1
A
∂
∂s
[
AρeA
(vA + vs)
2
vA
]
= −γAρeA. (A10)
This equation indicates that, for undamped (γA = 0) Alfve´n waves under time-steady condition (
∂
∂t = 0), ρeA
(vA+vs)
2
vA
is an adiabatic constant, which is called wave action.
In this paper, we assume that waves with different wave frequencies evolve in an independent manner, and we can
derive Equation (19) for wave energy density, e˜A(ω), at ω. In order to derive Equation (20), we here explicitly write
an equation for e˜A(ω) by using Equation (17),
ρ
d
dt
(e˜A(ω0)f(ω/ω0)) +
1
A
∂
∂z
[
Aρe˜A(ω0)f(ω/ω0)
(
vA +
vz
2
)]
− vz
2
∂
∂z
[ρe˜A(ω0)f(ω/ω0)] = −γAρe˜A(ω0)f(ω/ω0),
(A11)
which is further transformed as
f(ω/ω0)
[
ρ
de˜A(ω0)
dt
+
1
A
∂
∂z
{
Aρe˜A(ω0)
(
vA +
1
2
vz
)}
− vz
2
∂
∂z
{ρe˜A(ω0)}
]
+ ρe˜A(ω0)
[
d
dt
f(ω/ω0) + vA
∂
∂z
f(ω/ω0)
]
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= −γAρe˜A(ω0)f(ω/ω0). (A12)
We substitute the equation at ω = ω0,
ρ
de˜A(ω0)
dt
+
1
A
∂
∂z
[
Aρe˜A(ω0)
(
vA +
1
2
vz
)]
− vz
2
∂
∂z
{ρe˜A(ω0)} = −γAρe˜A(ω0), (A13)
into Equation (A12), and we obtain
d
dt
f(ω/ω0) + vA
∂
∂z
f(ω/ω0) = (γA(ω0)− γA(ω)) f(ω/ω0). (A14)
If f(ω/ω0) has a power-law dependence, Equation (18), we can derive Equation (20).
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